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Example:
Note that the yellow vertices are the inserted vertices of 
degree 2 according to the definition of subdivision.  
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Nonplanar Graphs
The most famous nonplanar graphs are 𝐾5, the complete 
graph on 5 vertices, and 𝐾3,3, the complete bipartite graph 
on 6 vertices with two equal partite sets.  𝐾5 has 5 vertices 
and 10 edges.  A planar graph on 5 vertices can have at 
most 9 edges.  Hence, 𝐾5 is nonplanar.
Euler’s Polyhedral Formula:  If a planar drawing of a 
connected graph with p vertices and q edges has r 
regions, the 𝑝 − 𝑞 + 𝑟 = 2.
Suppose 𝐾3,3 is planar.  Then r = 5.  𝐾3,3 is bipartite so 
every region has an even number of sides, which are 
edges of the graph.  Thus, every region must have at least 
4 sides.  However, each edge is counted twice since it is 
part of the boundary of two regions.  So 2𝑞 ≥ 5 × 4, or 20.  
But 𝐾3,3 has 9 edges, so 2q is only 18.  We have a 
contradiction, so 𝐾3,3 is nonplanar.
Crossing Number
For any given graph G, the crossing number is the 
minimum number of times edges in G cross each other.  
We know that both 𝐾5 and 𝐾3,3 are nonplanar.  What is 
each graph’s crossing number? From the drawing above, 
𝐾5’s edges cross 5 times, but is that the minimum 
















⌋.   The crossing number for 𝐾7 is 
less than or equal to 9.
We will work with an isomorphic representation of 𝐾7.
